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Abstract: An equivalence relation in the symmetric group , where 
 is a positive integer has been considered. An algorithm for calculation 
of the number of the equivalence classes by this relation for arbitrary integer 
 has been described. 
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1. INTRODUCTION 
The object of the present study is to be received an algorithm for com-
puter calculation of some combinatorial characteristics of the symmetric 
group. This algorithm has been based on the theoretical elaborations de-
scribed closely in [3] and [4].  
In our study with  we denote the set of the positive integers. 
Let . Then with     we denote the set  

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we denote the symmetric group on the set ,  i. e. the group of all one-to-
one mappings  of the set  in oneself.  
n
: na   n
If  then with  we denote the greatest common divi-
sor of integers  and . Then  and  are relatively primes if and 
only if when . 
,k mÎ
GC
( , )GCD k m
k
1=
k
D
m
)
m
( ,k m
 With  we denote the Euler function, i. e. the number of elements 
of  that are relatively primes with  (see more for example in [1] or 
[5]). By definition . 
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2.  PRIOR INFORMATION 
Let  be a positive integer. We consider an element n
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In [3] the following equivalence relation had been introduced in : we 
say that  are s - equivalent if the integers  and l  exist such that 
, that is equivalent to condition that integers  and  exist such 
that s a . The following task has been put: To find the number of the 
equivalence classes by so defined equivalence relation, with another words 
the cardinality of the factor set .  
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To be solved so putting task a directed graph  with the set of vertices   nG
{ }2 , | ,n n nV a b a bÌ = Î  , 
has been constructed, formed by the next mean: 
1. For every integer nmÎ  such that  a vertex ( , ) 1GSD n m =
1, nm VÎ  exists, as in this vertex arcs do not enter. 
2. If , nk l VÎ , then k  divides n . 
3. Let , nk l VÎ  and let p is a prime divisor of nk . Then we re-
ceive the number r  that is equal to the remainder after the 
multiplication pl  is divided into n .  We construct a vertex 
, npk r VÎ  and an arc with begin the vertex ,k l  and end the 
vertex ,pk r . 
4. Another vertex and another arc in the graph nG  accepting received 
by the mean described above do not exist.  
 
For example at  the graph  is shown on figure 1: 12n= 12G
 
 
  
 
Fig. 1: The graph . 12G
 
We introduce the following partial order in the vertices set  of the 
graph : If , then  if and only if when a directed path with 
begin vertex  and end vertex  exists. It is easily to see that by so intro-
duced order  is semilattice with the unique maximal element 
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and  in number minimal elements, each of kind ( )nj 1, nm VÎ , where 
 is the Euler function. (nj )
For more details of the graph theory see for example in [6]. 
For each vertex , nk l VÎ  we define the function  that depends 
on n  and , but does not depend on . 
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The following assertion had been demonstrated in [3]: 
Theorem 1 [3] The number of the equivalence classes by the -
equivalence is equal to 
s
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Theorem 1 gives us an effective algorithm for the manual calcula-
tion of nQ . Construction of the graph  is necessary for this object.  
This approach gives relatively good results at relatively small values 
of  as the experience of authors has been shown. With increase of 
nG
n
 
 n  probability of errors increases repeatedly, because of the number 
of classes increases exponentially, according to formulas (1) and (2). 
It had been demonstrate in [4] that all assertions considered in [3] are 
valid for an arbitrary element , on condition that s  is a cycle with 
length . 
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It is easy to see that we can reorganize the formula (1) in the fol-
lowing recursive kind: 
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where the function  gives as the number of vertices ( , , )n k rt
, nr s VÎ , such that , ,r s k k nV< Î . 
The following assertion had been demonstrated in [4]: 
Theorem 2 [4] The number of the vertices of kind , nk l VÎ  is equal to 
( )kj n , where  is the Euler function. ( )mj
As a consequence of theorem 2 the formula (2) has been reor-
ganized in the following kind: 
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3.  MATRIX REPRESENTATION AND PROGRAM REALIZATION 
In this section we use program language C++ for description of algo-
rithms considered in the present study. The program was been tested in a 
programming environment Borland C++ Builder. 
 
 At the examples we consider that  is a global constant integer pa-
rameter, equal to the order of the group nS
declaration. 
n
 and may be used without explicit 
)
For using theorem 1 as we avail ourselves of formulas (3) and (4) it is 
convenient to fill the elements of the matrix ( i jM m= , consisting of 4 rows 
and  columns, where  is equal to the number of all positive divisors of 
the integer  (including 1 and ).  Never the less the integer will be written 
down in 
q q
n n
M , in our program realization we declare  M  as two-dimensional 
array of type double because of fact that we expect to receive too large val-
ues at  calculation of the  function  according to formula (3). ( , )h n k
In the first row we write down all integers dividing without remainder the 
parametern .  That can be realized with the help of the following procedure, 
for example: 
 
void Divisors(int n, int FirstRow[], int& q) 
{ 
 q = 1; 
 FirstRow[0] = 1; 
 for (int t = 2 ; t <= n; t++) { 
  if (n%t == 0) { 
   FirstRow[q] = t; 
   q++; 
  } 
 } 
} 
 
As additional effect of the work of the function Divisors we receive the 
number  of all divisors of the global parameter . It the end the procedure 
receives an integer array FirstRow, correctly filled with the divisors of . We 
copy the values of the array FirstRow to first row of the array
q n
n
M . 
We fill the second row of M  with the values of the Euler function ( )nkj , 
where  has been taken from the corresponding component of the first row 
of 
k
M . The function  can be realized as we use a variety of the algo-
rithm, known as “the Sieve of Eratosthenes” [2,5] 
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int EulerFunction(int m) { 
 int t =1; 
 int b[100]; 
 for (int i=1; i <= m; i++) { 
  b[i] = i; 
 
  } 
 for (int i=2; i <= m; i++) { 
  if (b[i] == 0) { 
   continue; 
  } 
  if (m%b[i] == 0) { 
   for (int j=1; i*j<=m; j++) { 
    b[i*j] = 0; 
   } 
  } 
  else t++; 
 } 
 return t; 
} 
 
We fill the third row of M  with the values of the function , ac-
cording to formulas (3) and (4), where k  has been taken from the corre-
sponding component of the first row of
( ,h n k)
M . Here we consider again that n  is 
a global constant parameter, i.e. it is not necessary  to be present in the 
list of formal parameters of the function described below. For simplicity of 
the exposition we will not verify correctness of the data, i.e. whether  di-
vides . This condition has been ensured by the fact that  has been taken 
from the first row of the matrix
n
k
n k
M , where on condition only divisors of  has 
been written down. We declare the type of the function h(int), as well as 
some working variables, which values are integers with the type long double 
because of expectation to receive to  large values according to formula (3).  
n
For the calculation of the function , must first be calculated the 
function . This can be done using the following algorithm: 
( , )h n k
( , , )n k rt
 
// Euclidean algorithm for finding the greatest common divisor of 
integers a and b: 
int GCD(int a, int b) { 
 while (a != b) 
  if (a > b) { 
   a = a-b; 
  } 
  else b = b-a; 
 return a; 
} 
 
//---------------------------------------------------------------------------- 
 
  
 
// Function examined whether ,k l  is the vertex of  nV
bool Vertex(int k, int l, int n) { 
 if ((k<=0) || (k>n) || (l>n) || (n%k != 0)) { 
  return false; 
 } 
 else { 
   if ((k == n)) { 
    if (l == n) return true; 
   } 
   else 
  for (int m=1; m<=n; m++) { 
   if ((GCD(m,n) == 1) && (m*k%n == l)) return true; 
  } 
 } 
 return false; 
} 
 
//---------------------------------------------------------------------------- 
 
// The function : ( , , )n k rt
int tau(int n, int k, int r) { 
 int t=0; 
 int p = k/r; 
 for (int s=1; s<n; s++) { 
  if (Vertex(r,s,n) && (s*p%n == k%n)) { 
   t++; 
  } 
 } 
 return t; 
} 
 
Then an algorithm for obtaining  according to formulas (3) and 
(4) can be realized using the following C++ function:  
( , )h n k
 
long double h(int n, int k) { 
 long double t; 
 if (k == 1) { 
  t=1; 
 } 
 
  else { 
  long double fact = 1; 
  for (int i=2; i <= k-1; i++) { 
   fact = fact*i; 
  } 
  long double pow = 1; 
  int p = n/k; 
  for (int i=1; i<=k-1; i++) { 
   pow = pow*p ; 
  } 
  long double sum = 0; 
  for (int r=1; r<=k-1; r++) { 
   if (k%r == 0) { 
    sum = sum+r*tau(n,k,r)*h(n,r); 
   } 
  } 
  t = (fact*pow-sum)/k; 
 } 
 return t; 
} 
 
We receive the fourth row of M   as multiply component by component 
the second with the third rom. 
 Here we will skip the description of the main function and the input and 
output operations as they are specific to different programming 
environments. 
At  the filled matrix 12n= M  is shown in table 1:  
 
Tab. 1: Matrix M  at . 12n=
|k n  1 2 3 4 6 12 
( )n kj  4 2 2 2 1 1 
( ),h n k  1 2 10 39 628 3326054 
jj mm 32   4 4 20 78 628 3326054 
 
e receive the final result for the number nQW  of the equivalence 
classes of S  by the considered equivalence relation as we add the ele-
ments of the last row of the matrix  
n
M  according to formula (5) 
We calculate from table 1: 
12 4 4 20Q = + + +78 628 3326054 3326788+ + =  
 
  
We show in table 2 the values of  nQ  at 19n  calculated by the algo-
rithm
 equivalence classes in  concerning to equivalence at 
2 3 4 5 6 7 8 9 10 
 described above: 
 
ab. 1: The number of theT nS
19n£ . 
n  
nQ  1 2 3 8 24 108 640 4492 36336 
 
11 12 14 n  13 15 
nQ  329900 3326788 36846288 444790512 5811886656 
 
n  16 17 18 19 
nQ  81729688428 1230752346368 19760413251956 336967037143596 
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